AP Calculus BC — Free Response Questions Review #8

Differential Equations
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(a) L% —3zf(x)dx

= ]1% fl(z)dz = bli_‘r?; Lb fl(z)dz = bli_‘r?; f(z)

= lim f(b) — f(1) =0 —4 = —4

(b) f(1.5) = £(1) + £'(1)(0.5)
— 4 - 3(1)(4)(0.5) = —2
f(2) ~ =2+ f'(1.5)(0.5)

~ —2— 3(1.5)(~2)(0.5) = 2.5
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» answer from limiting process

1 : Euler's method equations or
equivalent table
| 1 Euler approximation to f(2)

(not eligible without first point)

1 : separates variables
1 : antiderivatives
: constant of integration

1 : uses initial condition f(1) = 4

1 : solves for y
Note: max 2/5 [1-1-0-0-0] if no constant

of integration

Note: 0/5 1f no separation of varables
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(b) f(0.1) = £(0) + f(0)(0.1)
=14+(2-0)(0.1)=1.2

f(0.2) = £(0.1) + f'(0.1)(0.1)
~1.2+(24—-04)(01) =14

(¢) Substitute y = 2z + b in the DE:
2=22z+b)—4dz=2b,s0b=1
OR
Guess b=1, y =2z +1

Verify: 2y —dz = (da +2) —daz =2 =

(d) g has local maximum at (0,0).

9'(0) = dy = 2(0) — 4(0) = 0, and
dx (0,0)
d*y dy
"y, — 9 _ =g )
q"(z) 7 2(1'.'; 4, s0

g"(0)=24'(0) -4 = -4 < 0.

dy

1: solution curve through (0,1)

1: solution curve through (0,—1)
Curves must go through the indicated
points, follow the given slope lines, and

extend to the boundary of the slope field.

1: Euler’'s method equations or
equivalent table applied to (at least)
two iterations

1: Euler approximation to f(0.2)

(not eligible without first point)

1: uses %(QI—I—E)):QHIDE
1: b=1

1: ¢'(0)=0
1: shows ¢"(0) = —4

1: conclusion
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(a) For this logistic differential equation, the carrying
capacity is 12.

If P(0) = 3. lim P(¢) =12.

[—roa

If P(0) = 20. lim P(¢) = 12.

t—so0

(b) The population is growing the fastest when P is half
the carrying capacity. Therefore, P is growing the
fastest when P = 6.

(d lm¥(r)=0
t—oo

[ 1 :answer
"1 1: answer

1 : answer

: separates variables
- antiderivatives

|

1

1 : constant of integration
1 : uses initial condition

|

s solves for ¥

0/1 if ¥ is not exponential

Note: max 2/5 [1-1-0-0-0] if no
constant of integration
Note: 0/5 if no separation of variables

I : answer
0/1 if Yis not exponential
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h
@ = =6
dx (-1, —4)
2 s
9V _jox+6(y—22 Y
dv’ dx
2,
d; :—10+6—126:—9
dx” |y g (—6)
. o dy
(b) The x-axis will be tangent to the graph of f if — =0.
¥ (k. 0)
The x-axis will never be tangent to the graph of f because
a =5k* +3 > 0 forall F.
dx (k. 0)
© P(x)=-4+6(x+1)- %(x +1)
@ fl=1)=—4
1 1
f‘(*?) = *4 + :(6} = *].

¥
—

(-1, -4)

(-1, -4)

dy

c—=0and y=0
d >

v

:answer and explanation

: quadratic and centered at x = —1
: coefficients

: Euler's method with 2 steps
: Euler's approximation to f(0)
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The second-degree Taylor polynomial for f about

=0 is Pz(r):872r+%r2.
29
)= Ry=2

(d) Therangeof fforr>01s 6 <y <8.

| 1: solution curve through (0.8)
1: solution curve through (3,2)

5. 1 : Euler’s method with two steps
| 1 : approximation of /(1)

2 ]
2: d _}
4- dr-
" | 1:second-degree Taylor polynomial
1 : approximation of f(1)
1 : answer
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_ { 1 : Euler’s method with two steps
1 : answer

1 : answer

1 : separation of variables
2 : antiderivatives

6 : ¢ 1 :constant of integration
1 1 : uses mnitial condition

1 : solves for y

Note: max 3/6 [1-2-0-0-0] if no constant of

integration
Note: 0/6 if no separation of variables
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(b) Since f is differentiable at x = 1. f is continuous at x = 1. So,

luuf( () =0= 11111( — 1) and we may apply L'Hospital’s

r—1
Rule.
. ’ lim f7(x)
lim—f('\] = lim S () = x=l :;
x=ly? =1 x¥—=1 3x° lim 3x° 3
x—1
dy
~ = ] —_
(©) e \
[ L o= [wv
e’ 1 - -‘I Y

~Infl-y|=x+C
—Inl=1+C=C=-1
Inl-y|=1-x

1-y| =&
flx)=1-¢&7"

{1
2:
|

h
S S = =

: Euler’s method with two steps
: answer

: use of L'Hospital’s Rule
: answer

: separation of variables
: antiderivatives

: constant of integration
- uses initial condition

: solves for y

Note: max 2/5 [1-1-0-0-0] if no

consfant of integration

Note: 0/5 if no separation of variables
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(a)

(b) .

Iim(f(x)+1)=—-14+1=0 and limsinx =0
=0

x—0

Using L"Hospital’s Rule,
fO+1 L F) f0)

lim - = = -
x>0 SMXx r—0 COS X cos 0 1

v
)

1 | L1V 1
z)=13)+ 715)5)
1 1V, 1 )1)7 11
- _ - _— 7. —_ | ==
2*( 2)(“ 4+2,(4, 32
dy _ 2.,
a—l (H.\+2)
dy
A =(2x+2)dn
B
Jd‘ = [(2x+2)d
v
1 2 oA
f;f,\ +2x 4+ C
—}1:02+2-0+C:>C:1
f%:x2+2x+l

: L’Hospital’s Rule

answer

: Euler’s method

Canswer

- separation of variables
- antiderivatives

- constant of integration
- uses initial condition

N
—_ —

- solves for y

Note: max 2 /35 [1-1-0-0-0] if no constant of
integration

Note: 0/35 1f no separation of variables



